P-wave energy propagated along its length and introduced a secondary P-wave reflection from the opposite fracture tip. In spite of significant progress achieved in predicting and interpreting far-field radiation due to the excitation of a fluid-filled crack, the influence of some factors on the fracture dynamics remains unclear. Among those are: 1) the spatial variation in a fracture' s aperture; 2) filtration from the fracture into the surrounding formation; 3) filtration inside the fracture. The solution of the problem was reduced to an ordinary second-order differential equation that can be solved numerically or, in the case of a step-shaped pore, analytically. This model was extended to the case when the walls of the pore are permeable.
In this paper, we solve a new problem of fluid dynamics in an arbitrarily shaped fracture containing proppant. The walls of the fracture are assumed to be absolutely rigid. The fluid flow is induced by normal harmonic oscillations of fracture walls that are permeable and allow the fluid to filtrate into the surrounding formation. The amplitude of oscillations can be described as a function of a spatial coordinate along the fracture. Thus, the solution presented is useful as part of a more general approach where the fracture is surrounded by an elastic medium.
Fluid flow inside the fracture is described by Biot' s modification of Darcy' s law that includes both inertia and filtration terms. This development is important both methodologically and practically: (1) for the first time Biot' s modification of Darcy' s law (see Appendix) is used to model the flow of fluid inside the fracture; (2) this innovation may be relevant to hydrofractures filled with proppant, natural fractures filled with sand and clay, or can be used to model fluid flow in a rough-walled thin fracture with fluid filtrating through asperities.
Our model of hydrodynamic relaxation in a fracture is close to the solution given by Murphy et al. (1986) . However, we consider the variation of fracture aperture, the eflects of filtration through fracture walls, and filtration inside the fracture.
We show that filtration inside the fracture may drastically change its acoustic characteristics. The acoustic resonance along the length of the fracture filled with proppant can be observed only if the permeability of the proppant is extremely high. Otherwise, filtration of the fluid in the fracture dampens the resonance. If the resonance is observed, its period differs from that in a fracture without internal filtration. The apparent acoustic velocity in the fracture is lower than acoustic velocity in the fluid because of coupling between the fluid and the proppant.
In this paper, we also employ our previous solution (Dvorkin et al., 1990) to examine the dynamics of a fracture without proppant. We show that fluid filtration into surrounding rock acts to decrease resonance peaks and to increase resonance period. This effect may provide a possible method of estimating in-situ permeability from resonance peak offset.
Another important result is a significant change of resonance period in fractures of varying shape. This effect has to be taken into account when estimating the dimension of a tapered fracture.
We also investigate the limiting cases of inviscid and very viscous fluid, incompressible fluid, and high-frequency oscillations. The results indicate the importance of the fluid compressibility effect at high frequencies and for filtration in a long thin fracture.
FRACTURE WITH PROPPANT-GOVERNING EQUATION
We examine modeled as a (1-D) process in the y-direction. However, the parameters of filtration may change along the fracture depending on the inside pressure. We assume that fluid pressure is constant across the fracture, and therefore the density of the fluid does not depend on the y-coordinate. The solution of the problem is obtained for the case where the pressure is a harmonic function of time P(x, t) = Pa(x)e' "' .
The following governing equation for function P,(x) follows from the condition of mass conservation in the fracture (see Appendix):
where a is the dynamic tortuosity parameter; 4 is the porosity of the proppant; k is its permeability; v is the kinematic viscosity of the fluid; ca is fluid acoustic velocity; k, is the permeability of the surrounding formation; K is its hydraulic diffusitivity coefficient; p0 is the reference "undisturbed" density of the fluid; P' ;, and Pb are the derivatives of function Po( x). This ordinary differential equation of the second order can be integrated using boundary conditions at x = 0 and x = L, where L is the length of the fracture. Complete saturation of the fracture leads to the conditions of zero velocity or zero pressure gradient at the edges: Pb = 0 at x = 0 and x = L. The condition of constant pressure P,, = 0 can be used for a partially saturated fracture (it is understood that pressure is measured from its reference "undisturbed" level in the fracture). Equation (1) can also be solved with more complicated boundary conditions representing, for example, the inclusion of gas in the fracture or its connection with a wellbore.
If the inertia term a/+ is dropped, equation ( In the case of high permeability proppant (4 kdarcy), we observe a pronounced resonance peak at frequency 32 Hz whereas formula (5) predicts the first resonance peak at f = 30.6 Hz. In the second case of k = 1 kdarcy, the resonance peak is very small; maximum of Abs(P,,,) can be observed at f = 37.1 Hz. In the third case of k = 250 darcy, the resonance is totally suppressed by the filtration damping. Now the amplitude of average pressure increases monotonously with increasing frequency. This effect is the result of the filtration term ivlkw dominating the inertial one a/+ in equation (1). 
Solving this equation with conditions

FRACTURE WITHOUT PROPPANT-EXAMPLES
To investigate the effects of (1) filtration into a surrounding formation and (2) varying shape of a fracture, a two-point problem for ordinary differential equation (2) Hz lower values. Therefore, fluid filtration into surrounding rock acts to suppress the resonance and to increase its period.
The Effect of Changing Shape
A fracture with straight walls is embedded in an impermeable formation. The aperture at its left open end is 1 cm. We examined five cases of varying aperture at its right closed end: 0.1, 0.55, 1, 1.45, and 1.9 cm. The amplitude of oscillations was proportional to the aperture.
The plots of average pressure amplitude Abs(P,,,) normalized by pc$aoela versus frequency are presented in Figure 4 .
Acoustic resonance in a fracture of constant aperture is expected in this case at f = c,,/4L = 37.5 Hz. This is precisely the case when the aperture at the right end is 1 cm. In the cases of tapered fractures with apertures at the right end of 0.1 and 0.55 cm, resonance frequencies are 51.75 and 41.72 Hz. This effect means that in a tapered fracture the period of resonance decreases and apparent acoustic velocity increases relative to the case of a constant aperture fracture.
In widening fractures with apertures at the right end 1.45 and 1.9 cm, resonance frequencies are 34.55 and 32.64 Hz. The period of resonance increases and apparent acoustic velocity decreases relative to the case of constant aperture fracture.
Theoretically, the effects of resonance frequency variation due to fluid filtrating into a surrounding formation and the changing shape of a fracture can be explained by the form of the governing equation (2). Indeed, the coefficients at P' ;, and Pb depend on the aperture and its first derivative, and the coefficient at PO depends on the permeability of the surrounding formation. formation may also be responsible for the damping of the resonance.
In this paper, we have concentrated on some important issues of fracture fluid dynamics: 1)
2)
3) the effect of proppant on the response of a fracture to external oscillatory excitation, the effect of filtration through the walls of a fracture, and the effect of a fracture changing shape.
We have shown that these factors can significantly affect the acoustic characteristics of a fracture and the magnitude of its response to external excitation. These results were derived under the assumption that the fracture was embedded in an absolutely rigid formation without taking into account the elastic compliance of the walls. Yet, the conclusions are important both methodologically and practically: 
